As the size of a free-standing crystal approaches a few tens of nanometers, the image force experienced by a dislocation can exceed the Peierls force. This will lead to dislocations leaving the nanocrystal without the application of an external stress and thus making it dislocation free. In this investigation a finite element methodology is developed for the calculation of the critical size at which a free-standing crystal becomes edge dislocation free. A simple edge dislocation is simulated using Finite Element Method (FEM) by feeding-in the appropriate stressfree strain in an idealized domains corresponding to the introduction of an extra half-plane of atoms. The image force experienced by the edge dislocation is calculated as the gradient of the plot of the energy of the system as a function of the position of the simulated dislocation. In nanocrystals, due to the proximity of multiple surfaces, the net image force due to multiple images has to be calculated. Additionally, surface or/and domain deformations have to be taken into account in nanocrystals; which can drastically alter the image force. For the crystal to become dislocation free, the minimum image force experienced by the dislocation, has to exceed the Peierls force. Minimum image force values calculated from the FEM models are compared with the Peierls stress values obtained from literature to determine the critical domain size at which crystal becomes edge dislocation free.
Introduction
There are certain phenomena, which are often ignored in bulk materials that must be taken into account in nanocrystals, especially with respect to their applications. One such effect is that, freestanding crystals below a certain size become dislocation free due to the proximity of free surfaces. The free surfaces and interfaces with softer materials, attract dislocations and the force experienced by the dislocations is called the image force. The reason for the attraction is that the dislocation can lower its self-energy (strain energy) by positioning itself closer to the interface. By the same token an interface with a harder material will lead to repulsive forces. In the case of a dislocation near a free surface in a semi-infinite body, the force of attraction is usually determined by positioning a 'fictitious' dislocation of the opposite sign at a distance equal to the distance of the dislocation from the surface. This dislocation is called the image dislocation (technically the image is an inversion image and not a mirror image), the attractive force experienced between the dislocations is called the image force and the two dislocations reside in an extended infinite body [1] .
If the image force exceeds the Peierls force, the dislocation can glide to the surface, making the crystal dislocation free [1] . Similar effects are also observed in polycrystalline materials [2] and this has profound consequence on the deformation behaviour of the material [2] [3] [4] .
The study of stress fields and energetics of dislocations is of fundamental importance towards the understanding of material behaviour at the microscopic scale. A vast body of literature is available on dislocations including their stress fields, energetics and dynamics [5] [6] [7] . As the size of a crystal is reduced, it goes thorough a series of critical landmarks. These include [8] : size at which it becomes spontaneously dislocation free (first edge and then screw), size at which dissociation into partials may become unfavorable, size at which it becomes free of equilibrium concentration of vacancies, etc. The critical size at which a crystal becomes dislocation free is very important from the point of view of the mechanism responsible for plasticity. Typically, above the critical size, pre-existing dislocations (further with their multiplication) are responsible for plasticity in materials (usually in metals); but, below the critical size, either the plastic deformation occurs through twinning or by nucleation of dislocations (followed by their motion) [9] .
Stigh [10] had used FEM for the study of threading dislocations. Using a simple technique of removal of a plane of atoms to simulate an edge dislocation in a FEM model, Sasaki et al. [11] have obtained stress fields of an edge dislocation. Techniques of simulation of dislocations at the mesoscopic scale also exist [12, 13] .
The core structure of the dislocation is instrumental in determining the Peierls stress (or the Peierls-Nabarro (PN) stress). Atomic simulation and Molecular dynamics (MD) [ [14] [15] [16] [17] [18] have provided deep insights into the core structure of dislocations along with the displacement fields. Ab-initio calculations [19, 20] have supplemented these models with important results. Earlier workers like Zener [21] and Seeger and Haasen [22] had used continuum treatments to estimate the core contribution to the displacement field.
A variety of techniques have been used in literature to determine the value of Peierls stress. Landmark papers in this area include the work of Peierls [23] , Nabarro [24] , Wang [25] , Joós and Duesbery [26] , Harford et. al [27] Picu [28] Lubarda and Markenscoff [29] . The methodologies adopted have yielded a range of values of Peierls stress, varying over an order of magnitude or more. Schoeck [30] has made a critical assessment of the Peierls energy (and stress) and has concluded that PN stress must be considerably lower than the usual estimates. Gilman [31] reports that the value of Peierls stress in pure metals could be negligible. Experimental determinations of Peierls stress have basically come from three methods [32] : Bordoni peaks, flow stress at low temperatures and the rate of Harper-Dorn creep. Nabarro [32] has also compared the experimental results to standard theoretical models.
In nanocrystals, the proximity of multiple surfaces implies that a dislocation experiences an image force which is a superposition of multiple images [33] . Additionally, in nanocrystals domain/surface deformations cannot be ignored and can lead to: (i) drastically altered image force and (ii) changing direction of the image force with the position of the dislocation (These aspects can be typically ignored in bulk crystals).
In present work aims at the following: (i) to develop a finite element methodology to evaluate the minimum image force in nanocrystal; wherein the standard equations of image force are no longer valid, (ii) use the simulations to determine the critical size and which a free-standing nanocrystal becomes free of edge dislocations (henceforth referred to as critical size). Idealized domains have been used to evolve the methodology and can be readily extended to arbitrary shaped domains with non-homogenous distribution of material properties. The limitation of the method is that the Peierls stress is an external input to the simulations and has some uncertainty in its value [30] .
Theoretical background
Considerable literature is available on the various aspects of dislocations, including their stress fields and energetics [6] . The energy of an edge dislocation in a cylindrical domain is given by:
where, E dl is the energy per unit length of the dislocation, G is the shear modulus,  is the Poisson's ratio, b is the modulus of the Burgers vector and  0 is the size of the domain. The  x component of the stress field of an edge dislocation in an infinite isotropic medium [5] has been modified by Sasaki et al. [11] for a finite cylindrical domain of radius r 2 : 2 2 2 2 2 22
when r 2   the equation for the infinite domain case is obtained.
The image force (F image ) experienced by an edge dislocation at a distance 'd' from a free surface is given by [6] :
For a finite domain of length 'L' (Fig. 1 ) the image force experienced by the edge dislocation (towards the vertical surfaces) can be computed as a superimposition of two image forces (by assuming two image dislocations):
where, x is the position of the dislocation from the centre of the domain ( Fig. 1 ). It is seen from Eq. 4 that the dislocation does not experience any force at the centre of the domain (x = 0), which is symmetrical position with respect to the two surfaces. The Peierls stress ( P ) experienced by a dislocation is given by [25] :
where, d is the interplanar spacing of the slip planes and  = (1  ) for an edge dislocation and  = 1 for a screw dislocation. Wang [25] has shown that this formula gives values of Peierls stress in good accordance with experimental results, for the cases where the dislocation has a planar core. The exponential term in the formula by Joós and Duesbery [26] differs from Eq. 5 by a factor of two. Other forms of the expression also found in the literature cited before. Peierls force is calculated from the Peierls stress by multiplying it with the Burgers vector (F Peierls =  Peierls  b) [1] . In the current work, for the size of the crystals considered, it is assumed that the Peierls stress values does not change much from that for bulk crystals. The change in Peierls stress due to proximity of free surfaces is a topic of current interest [34, 35] . 
Finite Element Methodology
An edge dislocation is simulated in Aluminium (a 0 = 4.04 Å, Slip system: <110>{111}, b = 2a 0 /2 = 2.86 Å, G = 26.18 GPa,  = 0.348 [36] ), by feeding the stress-free strain corresponding to the introduction of an extra half-plane of atoms. Use of anisotropic material properties is not expected to alter the methodologies developed in the current work. Additionally, the anisotropy factor (A = 2C 44 /(C 11  C 12 ) is small for Aluminium (A = 1.23) which implies that the numerical results will also be comparable to the anisotropic case. However, this allows the use of simple theoretical equations for comparison (Eq. 1-4). These equations have been developed for bulk materials and their validity becomes restricted at the scale of few nanometers (However, the current simulations are not dependent on these equations and they are used only for comparison with the current work). The value of G and  are calculated by Voigt averaging single crystal data [5] . It is also assumed that material properties of bulk crystals are valid at the length-scales used in the simulations. Two interrelated questions of relevance here are: (i) are bulk materials properties valid at the scales of analysis used? (ii) Is a continuum analysis and hence FEM applicable at the nanoscale (especially with regard to the simulation of a dislocation)? In this context the work of Benabbas et al. [37] , Zhang and Bower [38] , Rosenauer et al. [39] brings out the utility of FEM at the nanoscale and tries to answer the questions raised above. Schall et al. [40] have noted that even on a scale of a few lattice vectors the dislocation behaviour is well described by a continuum approach; which implies that the models of dislocation used in the current work are not valid within a distance of few Burgers vectors from the dislocation line (i.e. they become progressively erroneous as the dislocation line is approached, starting from a distance of few 'b'). The structure and the energy of the core of the dislocation are ignored in the model. The energy of the core is not expected to play an important role in the calculation of image forces, except when the dislocation is at a distance of a few Burgers vectors from an interface (i.e. the core energy is not expected to be a strong function of the position of a dislocation from the interface and hence would be nearly a constant additional term to the total energy of the system). At this point it should be noted that the current model is amenable to modifications; to include a core model, as prescribed by Stigh [10] and Lubarda and Markenscoff [29] . It is assumed that the dislocation has not split into partials. It has been observed in polycrystalline Aluminium that full dislocations are observed above a slip plane length of 150 nm, while below this value partials are observed [2] . The error introduced by this assumption is not clear at this point for free-standing Aluminium nanocrystals. Schoeck and Püschl [41] have pointed out that partial dislocations show a complex behaviour when moving over a periodic Peierls potential. Plane-strain conditions are assumed and the stress-free strain ( T ) introduced as thermal strains into a region as shown in Fig. 2 is:
where, a' (= 2b) is the face diagonal of the cube along the [110] direction. Domains were meshed with four nodded bilinear plane strain quadrilateral elements with mesh size b  b (Fig. 2 ). In the current simulations L is decreased starting from 180b. The numerical model was implemented using the Abaqus/standard (Version 6.7, 2007) FEM software. The energy of the system (per unit depth) is calculated from the model for two positions of the dislocation; one in the centre of the domain (where it experiences no force due to its symmetric position) and the second at a distance 'b' from the centre. The gradient in the energy is calculated; which corresponds to the minimum image force experienced by the dislocation. This process is repeated for smaller and smaller domains. By comparison of the this image force with the Peierls stress the domain size below which dislocations can spontaneously leave the crystal is determined. Additionally, when domain deformations are small, an approximate estimate of the image force experienced by a pure screw dislocation can be determined by considering a multiplication factor of (1  ) (i.e. (1 ) edge screw image image FF   ) [1] . As in the case of an edge dislocation, the image force experienced by the screw dislocation can be compared with minimum image force on the dislocation to determine the domain size below which screw dislocations leave the crystal spontaneously. It is to be noted that the calculations for the screw dislocations are approximate (the domain deformations caused by a screw dislocation are considerably different from that of an edge dislocation) and they have been included only to get a rough comparative estimate of the values of image forces and critical size. To illustrate the power of the current methodology the case of a free-standing single crystalline plate is considered, as shown in Fig. 3a . Two sets of boundary conditions used are shown in Fig. 3a and Fig. 3b ; along with the regions where stress-free strains are imposed. The model shown in Fig.  3b is used for comparison of the energies and image forces with that calculated from the model where the domain can bend (Fig. 3a) . It is to be noted that the domain which can bend in the presence of an edge dislocation, represents a vastly different case as compared to a domain which does not bend: as this would lead to a partial relaxation of the energy of the system and would alter the image force experienced by the edge dislocation. The model is meshed with four nodded bilinear plane strain quadrilateral elements. Minimum image force is calculated from the model as before for plates of decreasing size and hence decreasing slip plane length (s). The length (L) to breadth/height (h) ratio is kept constant in the simulations. Fig. 4 gives the plot of the minimum image force experienced by an edge dislocation versus crystal size, calculated from the finite element model (Fig. 2 ). The figure also shows the Peierls force for comparison (from [25] ). It is seen that when the size is below 36 nm (~ 127b) the image force exceeds the Peierls force and edge dislocations would spontaneously leave the crystal. This compares well with the experimental result of Haque and Saif [3] , within a factor of two. Fig. 4 also shows a plot of the image force experienced by a screw dislocation (by using a factor of (1  ) in the FEM calculated values). As the screw dislocation experiences a smaller image force and additionally the Peierls force is much larger for the screw dislocation (~5.3  10 3 N/m); pure screw dislocations will persist to smaller much sizes as compared to pure edge dislocations. The critical size for screw dislocation (from Fig. 4 ) is about 23b (~7 nm). In making a comparison between the FEM and theoretically calculated image force values two implicit assumptions are involved: (i) the analytical equations (eq. 1-4) are valid at the lengthscales of analyses and (ii) bulk material properties can be used for nanoscale crystals. These issues have been discussed in the section on finite element methodology. The methodology developed was also used to calculate the critical sizes of free-standing Ni, Nb and Si crystals (as per the model in Fig. 2) . The material parameters used in the simulations are from Wang [25] and Brandes [36] . The results are summarized in Table  1 . The results presented in the table confirm the role of material properties, crystal packing and interatomic bonding on the Peierls stress and hence the critical size. Nickel has a higher shear modulus as compared to Aluminium and the dislocations should feel a larger image force; but, the Peierls Stress in Ni is significantly larger and hence the critical size is smaller than that for Aluminium. In Niobium (BCC) the Peierls stress is much higher (lack of close packed planes contributing to this) than that for Al or Ni which are both FCC (with close packed planes). Silicon (diamond cubic structure) is a covalently bonded material with no close packed planes or directions. These factors lead to a high Peierls stress and the critical size value turns out to be smaller than the scale of validity of the current simulations. Fig. 5 shows the plot of  x stresses computed using the FEM model shown in Fig. 3a . Due to buckling of the domain, the stress state and the energy of the system (hence, the image force experienced by the edge dislocation) is different from a domain which does not bend. Due to this effect the central position is not a position of symmetry for the dislocation. Table 2 shows a comparison of the energies and image force obtained from the two models shown in Fig. 3 (with s = 30b) . The difference in values shown is to be noted and as pointed out before, this model has been chosen to illustrate the utility of the method (i.e. for this case the standard equation for the calculation of the image force is not applicable). The minimum image force has been calculated for the dislocation moving down the slip plane (towards the lower surface). Fig. 6 shows the plot of the minimum image force experienced by the edge dislocation in domains of decreasing size along with a comparison with the Peierls stress. It is seen that in domains of length below about 22.5 nm (s = 37b = 10.6 nm) the dislocation becomes unstable. This slip plane length is smaller than the critical domain size calculated from the model shown in Fig. 2 . This is because the longer length of the domain stores more energy; which also implies a steeper fall in energy as the dislocation moves towards the surface. Fig. 3a , with Peierls force. It is to be noted that the image force in such domains (magnitude and direction), cannot be computed using the standard equations.
Results and Discussion
Neglecting the core energy is not expected to affect the calculation of critical size significantly, as: a) the core energy is sensitive to local bonding and not a sensitive function of the domain size, b) dislocations have been positioned far away from the surface for minimum image force calculations. Thus, including the core energy would move the energy versus position of the dislocation plot vertically above without changing its slope (the image force). Due to some uncertainty in the value of Peierls stress [30, 31] the critical size values obtained from the FEM simulations should be considered approximate to that extent.
In the present work the methodology for the determination of the critical size for a pure edge dislocation free crystal is shown. A screw dislocation not only feels a lower image force (the term (1) in Eq. 3 is replaced by unity to calculate the image force experience by a screw dislocation), but have to face a higher Peierls barrier for their motion (For aluminium the Peierls force for a pure screw dislocation is about 21 times that for a pure edge dislocation, as given by Eq. 5). This implies that screw dislocations and mixed dislocations will persist in smaller sized crystals, even after the crystal has become free of edge dislocations. The calculation shown in Fig. 4 gives only a rough estimate for the case of screw dislocation. The dissociation of the dislocation into partials has not been considered in this work and the analysis has to be suitably modified if the dislocation dissociates into partials with the formation of a region of stacking fault.
For a domain of arbitrary shape (and or arbitrary combination of material properties) the energy of the system as a function of the position of the dislocation will go through at least one maximum. To simplify further discussions, if the case with a single maximum is considered, the slope of this plot on the two sides of the maximum will yield the image force in two opposite directions. The larger of the two forces will tend to drive the dislocation towards a free surface. Dislocation motion would become feasible when this force exceed the Peierls force.
It should be noted that an arbitrary shaped domain cannot be analyzed in terms of the classical 'image dislocation'. For such a situation (especially in combination with non-uniform material property distribution in the domain), the current methodology will prove to be extremely handy. In the methodology outlined above for the calculation of the critical size, the dislocation is positioned away from the free-surface and hence surface curvature effects and other inelastic effects can be ignored and the elastic solution can be assumed to be valid [42] The usual advantages of using a finite element model are inherent in this analysis as well, i.e. complex crystal shapes, anisotropy, presence of surface films (with higher or lower compliance as compared to the crystal) etc. and these aspects can be accommodated into the model with considerable ease. However it should be noted that, in cases where energy landscape has local minima inside the body (due to complex geometry and/or material distribution) the dislocation may be trapped in these minima and the crystal may not become dislocation free, by the action of image forces alone.
Summary and Conclusions
An edge dislocation has been simulated by feeding-in the stress-free strain, corresponding to the introduction of an extra half-plane of atoms into the FEM model. Image force is calculated as the gradient of the plot of the energy versus distance curve. Minimum image force experienced by the edge dislocation is calculated and compared with Peierls stress values from literature to determine the critical size at which the free-standing crystallite becomes edge dislocation free. Estimates are also obtained for crystallite dimensions at which it becomes screw dislocation free. The power of the methodology adopted is illustrated using free-standing plates, which bend in the presence of edge dislocations. The critical size at which a free-standing Aluminium crystal becomes edge dislocation free is about 36 nm. Corresponding values for Ni, Nb and Si free-standing single crystals is also determined.
